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The influences of nonlinear suspension system with air spring and nonlinear asymmetrical (NA) absorber in 
comparison with a linear suspension is analyzed based on a lateral dynamic four degrees of freedom (4-DOF) model. 
The lateral dynamic model considers the effects of anti-roll bars, the roll center position, and the transient excitation 
of the road on the roll stability performance. The characteristics of the suspension system, the position of the roll 
center, the road excitation load all play very important roles in determining the roll stability of the vehicle. The 
maximum dynamic roll angle with nonlinear suspension is always smaller than that with linear suspension.  The 
maximum dynamic rollover stability index is strongly dependent on the velocity and about 27% on average lower 
than that of linear suspension in the whole velocity domain, subjected under road excitation. However, the maximum 
of absolute acceleration is always larger with the nonlinear suspension system. 
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1 INTRODUCTION  

To meet the increasing demand for long-distance passenger transport, large size vehicles have been actively 
designed and manufactured by automobile manufacturing and assembly companies with a localization rate of over 
50%. Therefore, conducting research to evaluate the dynamics directly related to the safety of vehicles is very 
necessary and consistent with the general development trend in the development strategy of the automobile industry 
in Vietnam. Especially, the research is to solve the problem of improving the design, increasing the safety during the 
operation of large size vehicles, contributing to reducing the number of traffic accidents. Moreover, traffic safety 
issues especially related to large size vehicles have been and are receiving a lot of attention in Vietnam. 
The phenomenon of large size vehicles being rollover when an accident occurs during traffic participation shows the 
need to conduct research related to the roll stability [1,2]. Many studies have been carried out to solve the problem 
related to increasing the roll stability and safety. The roll angle, and the height of the vehicle's center of gravity from 
the roll center are two important parameters that directly affect the safety and roll stability of vehicles. The theoretical 
method of determining these two parameters in real time has been verified by experimental measurements with a 
low frequency tilt angle sensor and a gyroscope [3]. The roll angle and lateral acceleration together with inspection 
of lane departure obtained by a vehicle dynamic simulation model, which is a proposed technique to access the 
safety and accident prediction on expressways [3]. The influences of roll angle on roll stability with different 
suspension types and wheel camber angles has been studied [5]. The height of the center of gravity is used as a 
control parameter to predict the critical rollover stability condition, thereby controlling the brake force distribution 
system to increase the stability of the vehicle [3, 6]. Research on smartphone application in predicting vehicle rollover 
stability when turning or changing lanes, in which a new rollover speed prediction model is based on the derivation 
of three-degree-of-freedom vehicle dynamics and LTR, is presented [7]. The lateral load transfer rate is defined as 
the vehicle rollover evaluation index, which is used to control the speed of the electric motor to increase the roll 
stability of the electric vehicle [8]. Controlling the off-road vehicle suspension system reduces the roll angle to prevent 
rollover [9]. The roll angle control models in the lateral plane are employed to investigate the influences of the roll 
angle motion control on the roll stability features [10]. A study on rollover index and stability for a triaxle bus is carried 
out using a six degree of freedom rollover model of the triaxle bus, based on the LTR the rollover index established 
for the front and rear axles separately [11]. Therefore, it is necessary to conduct research to be able to evaluate the 
dynamic parameters affecting the roll stability and safety of large size vehicles. All contribute to determining the 
parameters as a design database to improve the safety and operation of these large size vehicles. The article derives 
a lateral dynamic model with 4-DOF, including the role of anti-roll bars, the influences of the roll center position, and 
the excitation effects from the road. 
Calculations are carried out based on typical large size bus manufactured by Samco, Vietnam. The roll stability 
indexes are the roll angle and the LTR, which are determined and analyzed in the time domain, the excitation velocity 
domain from the road, and in the height of the center of gravity from the roll center domain. The obtained results are 
compared with both linear and nonlinear suspension systems to evaluate the vehicle's roll stability. 

http://www.engineeringscience.rs/
mailto:thnhan@hcmut.edu.vn


Journal of Applied Engineering Science 

Vol. 21, No. 3, 2023 
www.engineeringscience.rs 

 

 
publishing 

 
Huu Nhan Tran et al. - Influences of nonlinear 
suspension on the bus’s roll stability by a lateral 
dynamic 4-DOF model   

 

828 

2 CALCULATION MODEL AND INPUT PARAMETERS 

2.1 Lateral dynamic 4-DOF model 

To study the lateral dynamic stability, the 4-DOF lateral dynamic model is employed, Fig. 1. 

 

Fig.  1. The lateral dynamic 4-DOF model. 

The model allows to investigate the lateral dynamic parameters of the vehicle body, or namely the sprung mass 
element in the vertical x direction, and its rotational motion about the position of the roll center. The under body 
components of the vehicle are modeled by two un-sprung masses on the left and right side, mu1 and mu2 respectively. 
The applied forces due to the lateral acceleration component ay acting at the position of the vehicle's center of gravity, 
and due to the road excitation y1, y2 corresponding to the left and right side respectively. 
The symbols, and the meanings of the lateral dynamic model parameters, are given in Table 1. 

Table 1. The lateral dynamic 4-DOF model parameters 

Symbol Description Value 

ms Sprung mass [kg] 14,010 

Ixs Mass inertia moment of the bus body about the x axis [kg.m2] 18,970 

mu1, mu2 Un-sprung mass on the left and right side [kg] 1,940 

k01, k02 Initial air spring stiffness on the left and right side [N/m] 339×103 

c01, c02 Initial damping coefficient on the left and right side [Ns/m] 29,000 

kt1, kt2 Tire stiffness on the left and right side [N/m] 2,400,000 

kR Anti-roll bar stiffness [N/m] 112,376 

x Vertical displacement of the sprung mass [m] - 

x1, x2 Vertical displacement of the un-sprung mass on the left and right side [m] - 

φ  Roll angle of the sprung mass [rad] - 

y1, y2 Road excitation on the left and right side [m] - 

b Distance from the center of gravity to the center of the left or right wheel [m] 0.98 

hg The height of the sprung mass’s center of gravity [m] 1.8 

hR The height of the sprung mass’s center of gravity from the roll center [m] 0.5÷1 

α0 The angle formed by two dimensional parameters of b and hR [rad] atan(b/hR) 
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For simplicity, we consider the model to be symmetrical relative to the longitudinal plane of the vehicle, it means that 
the parameters of size, mass, suspension, tires, anti-roll, on the left and right sides are equal. The position of the roll 
center in the lateral plane lies on the axis Ox and is a distance hR from the sprung mass’s center of gravity C. The 
lateral plane in the model is formed by gradually narrowing the front and rear of the vehicle. Therefore, the parameters 
of mass, suspension, tires, anti-roll on the left and right sides of the vehicle are determined as the sum of the 
components of the front and rear parts corresponding to the left and right sides of the vehicle respectively. 
The Doosan bus manufactured by Samco in Vietnam is investigated to determine the input parameters used for 
calculation. 
The mechanical system is affected by the force components located at the vehicle's center of gravity, including: the 
lateral force component caused by the lateral acceleration ay; The gravitational force when the gravity center deviate 
from the symmetrical position; And the centrifugal force component generated by the rotational motion of the vehicle 
body around the roll center, does not coincide with its center of gravity. In addition, the excitation effect from the 
uneven road surface y1 and y2 independently on the left and right sides of the vehicle, is also integrated in the model. 
Differential equations describing vehicle lateral dynamic 4-DOF model, with a state variable vector

[ ]'1 2X x x xφ= is written in the general matrix form, as shown in equation (1). 

                             [ ] [ ] [ ] [ ]m X c X k X F+ + =                                                                             (1) 

Where, the mass matrix [m], stiffness matrix [k] with instantaneous stiffness of the nonlinear air-springs determined 
according to the displacement value and its state of extension or compression, presented in detail in the section 2.2 
below. Similarly, damping coefficient matrix [c] with instantaneous damping coefficient of asymmetrical nonlinear 
absorbers determined according to the value of motion velocity and its state of extension or compression, presented 
in detail in the section 2.3. The vector of the applied force components [F] and the matrices included in the general 
dynamic equation (1), are presented below. 
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2.2 Air-spring 

The suspension system includes an air-spring element. Based on the variable parameter between displacement and 
the force at the pressure value of the air-spring used on the vehicle, the corresponding stiffness of the air-spring is 
determined, keq. The 3rd order polynomial interpolation method is employed to calculate air-spring stiffness based 
on the instantaneous displacement value relative to the initial equilibrium position of the air-spring corresponding to 
the extension or compression stroke. The initial leveling position of the air-spring is assumed to be mean value of the 
displacement of the air-spring relative to the applied force. The observed bus is designed with one air-spring in the 
front and two in the rear, the stiffness of the air-spring on each left or right side of the bus is the sum of the stiffness 
of all three front and rear air-springs totally. The experimental and interpolated stiffness variation curves, the 3rd 
order polynomial used to calculate the front suspension relative to the displacement around the equilibrium position 
are shown in Fig. 3. The stiffness at the initial equilibrium, k0=339×103 is equivalent to a natural frequency close to 1 
(Hz), which is the usual natural frequency of common vehicle suspension systems, [12]. 
The range of working stroke of the air-spring is ±0.125 (m). 

 
Fig.  2. Equivalent stiffness versus displacement of the front air-spring, experimental and polynomial interpolation. 

2.3 Asymmetric nonlinear absorber  

The initial damping coefficient is chosen so that c0=29,000 (Ns/m) to perform the calculation, corresponding to the 
damping ratio value ξ=0.3, as in (2), [12]. 
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Where ms1 and ks1 are the mass of the sprung mass and the total stiffness of the three air-springs on the left side of 
the vehicle, respectively. With the initial condition, the damping coefficient is equivalent to ceq=c0, when the damping 
force is equivalent to zero, FeqD=0. When the system is subjected to an external applied force, FeqD≠0, the equivalent 
damping coefficient, ceq is determined based on parameters including: the equivalent damping force FeqD, suspension 
relative velocity, and whether the stroke is extended or compressed. The selected asymmetry coefficient 
corresponding to the 30/70 asymmetry ratio is eD=0.4, it is a common symmetric coefficient [13]. The equivalent 
damping coefficient changes when the velocity dx reaches the knee-point critical value dxc=0.05 (m/s), with 
coefficients κ=1, λ=2. 
Equivalent damping force value is calculated according to (3). 
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The variation characteristics of the equivalent damping force, FeqD relative to the velocity dx, for the case of linear 
damping coefficient c0, and nonlinear one with the equivalent damping coefficient ceq, are shown in Fig. 3. 
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Fig.  3. Variation characteristics of the equivalent damping force versus velocity 

2.4 The external applied loadings  

To be able to capture the most dangerous scenarios that can realistically occur. Then, the step function is assumed 
to be able to fully capture all abrupt changes of the vehicle’s lateral acceleration. It is employed to describe the 
variation of the lateral acceleration component in the time domain to perform the calculation to determine the lateral 
dynamic parameters of the vehicle body. The initial value of zero, and the selected stability value is the maximum 
value (ay,lift-off) to ensure safety according to the vehicle's rollover conditions, (4), [10], in which the maximum value 
of inclination angle is selected, 0

max 10φ = . 

                              max
,lift -off

R
y

g

b h
a

h
φ−

=                                                                                             (4) 

The applied moment due to the lateral acceleration ay is determined according to (5). 
                             _ ( cos )y Rx ay sM m a h xφ= +                                                                                 (5) 

The applied moment due to the force of gravity is determined according to (6). 
                             _ sinx g s RM m gh φ=                                                                                             (6) 

The centrifugal force at the position of gravity center caused by the roll motion of the sprung mass around the roll 
center is determined according to (7). 

                             2( cos )c s RF m h x φ φ= +                                                                             (7) 

The centrifugal force is directed on the coordinate system into 2 components that cause translational and rotational 
motion of the sprung mass. 

2.5 Road profile  

To perform the calculation of the lateral dynamics of the vehicle body in the case of road excitation when moving with 
a velocity value v, we use a semi-squared sinusoidal function, (8), [14]: 
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With the length d1 = 3.7 (m); And the bump height d2 = 0.1 (m).  

3 RESULTS AND DISCUSSION  

Calculations are carried out with linear suspension, with constant spring stiffness and damping coefficient throughout 
the calculation. These values are chosen to be the initial values at the equilibrium position of the system. Similar 
calculations are made with nonlinear suspension, spring stiffness and damping coefficient vary during the calculation 
according to the relative displacement, velocity of the suspension, and the state of suspension’s stroke, as presented 
in sections 2.2 and 2.3, respectively. 
Calculations are carried out for different specific cases to determine and compare the dynamic rollover stability 
parameters of the sprung mass with linear and nonlinear suspension. 

3.1 In the time domain 

To investigate the roll angle in the time domain, for 2 cases of linear and nonlinear suspension systems, calculations 
are carried out with hR=0.5 (m), without road excitation. The roll angle versus time for the case of linear and nonlinear 
suspension is shown in Fig. 4. Due to the stiffer nonlinear suspension, with a larger damping coefficient at low 
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velocity, the air spring is stiffer in compression. Therefore, the maximum roll angle is smaller and more stable than 
in the case of a linear suspension. 

 
Fig.  4. Roll angle in the time domain 

To investigate the effect of the road excitation on the variation of the roll angle and the acceleration of the sprung 
mass, 𝑥𝑥�̈�𝑠 in the time domain, the calculation is performed similarly to above, however, with the consideration of the 
effect of road excitation on the right side of the model only (y1), as in Fig. 1, with speed of v=40 (km/h). In the case 
of nonlinear suspension, the roll angle in the time domain with and without road excitation effect is shown in Fig. 5. 
The roll angle value reaches the maximum and reaches the stable value at the same time with and without the road 
excitation effect. However, the maximum value obtained in the case of road excitation effects increases by more than 
16%. Thus, the road excitation significantly increases the maximum value of the roll angle and does not affect its 
value at steady state. 

 
Fig.  5. Roll angle in the time domain, in case of nonlinear suspension 

The sprung mass acceleration ratio sx g , where g is the gravity acceleration, in the time domain with linear and 
nonlinear suspensions is shown in Fig. 6. The obtained results show that, the maximum absolute acceleration ratio 
for the nonlinear suspension case increased by 24% compared with the linear case, the more rigid the suspension, 
the greater the acceleration [12]. 

 
Fig.  6. Acceleration ratio in the time domain 
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3.2 In the velocity domain with road excitation 

With consideration of both the linear and nonlinear cases, under the road excitation effect with the above parameters, 
the range of velocity from 20÷120 (km/h), hR=0.5 (m). With each value of velocity, we can determine the lateral 
dynamic parameters in the time domain as in section 3.1, and respectively we can determine the maximum value, 
and the steady-state value. 
The maximum roll angles, and steady-state ones in the velocity domain with two types of suspension are shown in 
Fig. 7. 

 

Fig.  7. Roll angle in the velocity domain 

The mean value of maximum dynamic roll angles is always greater than the steady-state one by about 60% in the 
whole observed velocity domain with both linear and nonlinear suspension systems. In the low velocity value region 
v<10 (m/s), the maximum dynamic roll angle with nonlinear suspension is much smaller than in the linear case, 
because at low velocity the nonlinear damping coefficient is larger or stiffer nonlinear suspension. In the region of 
higher velocity, the maximum dynamic roll angle is always a bit higher than in the nonlinear case, corresponding to 
the velocity range of v=10÷20 (m/s) and decreases slightly when v>20 (m/s), Fig. 7. The steady-state roll angle value 
with linear suspension is very little higher than that of nonlinear suspension and is almost constant throughout the 
velocity domain. In the case of a linear suspension system, the maximum value of the dynamic roll angle changes 
only slightly at the velocity range corresponding to the rapid increasing and creating a large difference as with 
nonlinear suspension, and almost unchanged in the velocity domain. However, the maximum difference of the 
maximum dynamic roll angle is only close to 5% between the linear and nonlinear suspension in the velocity domain, 
or the maximum dynamic roll angle does not depend much on the velocity in the case of road excitation. 

The obtained ratio of maximum absolute acceleration, max sx g  at each velocity value varies over the velocity 
domain, as shown in Fig. 8. 

 
Fig.  8. Maximum absolute acceleration ratio in the velocity domain 

The ratio of maximum absolute acceleration is always greater with stiffer nonlinear suspension than with softer linear 
suspension, throughout the velocity domain. The difference reaches the maximum value of about 26% in the velocity 
domain v=10÷20 (m/s), corresponding to the dynamic roll angle in the velocity domain with the largest difference as 
shown in Fig. 7. The maximum acceleration is significantly increased under the road excitation. And it is also 
significantly dependent on the velocity. 
Rolling motion causes a change in the vertical reaction force distribution at the wheels on the left Fz2 and the right 
Fz1, namely the load transfer ratio (LTR), which is defined as an index to evaluate the rollover stability of the vehicle, 
according to (9), the vehicle reaches the critical rollover stability when the LTR reaches a value of 1, [3]. 
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Where, the vertical reaction force at the wheel on each side is determined with respect to time at each value of 
velocity, (10). 

                             1 1 1 2 2 2;
2 2z t z t

mg mgF k x F k x= + = +                                                           (10) 

 
Fig.  9. LTR in the velocity domain 

The maximum dynamic rollover stability index (LTRdyn) and the steady-state one (LTRste) in the velocity domain are 
shown in Figure 9. The obtained results show that for the case of nonlinear suspension system, LTRdyn is always 
with an average of about 27% lower than that of linear suspension in the whole velocity domain. Especially, the peak 
value of LTRdyn with nonlinear suspension is about 40% lower than that of linear suspension. In addition, the steady-
state rollover stability index, LTRste remains constant and is almost equal in the velocity domain with both types of 
suspension. The value of LTRdyn is 3÷4 times larger than the LTRste corresponding to the linear suspension, and it is 
about 1÷2 times larger with the nonlinear suspension. Therefore, the velocity has almost no effect on the variation of 
LTRste, whereas it causes a significant increase in the LTRdyn. Although the obtained LTRdyn shows that roll stability 
is not guaranteed under the above applied loadings, the LTRdyn of the bus with nonlinear suspension has significantly 
improved roll stability on average about 27% in the whole observed velocity domain. 

3.3 In the hR domain 

The height of the sprung mass’s center of gravity from the roll center of the sprung mass, hR is chosen to be in the 
range from 0.5÷1 (m) for investigation. Similarly, the calculation process is carried out in the same way as above, but 
without considering the road excitation, for both suspension cases. 
The maximum dynamic roll angle and steady state roll angle in the hR domain for both suspension cases are shown 
in Fig. 10. The roll angle increases linearly with roughly equal slope in the hR domain, the maximum dynamic roll 
angle and the steady-state roll angle are always slightly larger than in the case of the linear suspension. The 
difference of the maximum dynamic roll angles between the two suspension cases is larger than that of the steady 
state roll angles. The mean of maximum dynamic roll angle is 50÷60% larger than the mean of steady-state roll angle 
in the hR domain for both suspension cases. The maximum dynamic roll angle increased by 100% corresponds to 
the hR increase of 100% in the range of observation. 

 
Fig.  10. Roll angle in the hR domain 

The maximum dynamic rollover stability index, LTRdyn and at steady-state, LTRste in the hR domain are presented in 
Fig. 11. 
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Fig.  11. LTR in the hR domain 

Similar to the variation of roll angle in the hR domain, LTRdyn and LTRste also increased linearly in the hR domain for 
both suspension cases, Fig. 11. The mean of LTRdyn with the case of nonlinear suspension is always about 7% larger 
than the case of linear suspension, in the observed domain of hR. The mean of LTRdyn is always about 81% and 62% 
larger than the mean of LTRste for the case of nonlinear and linear suspensions in the whole range of observation 
domain of hR, respectively. For the two suspension types, the roll stability indexes at steady state LTRste are almost 
equal and increase proportionally to hR with a smaller slope than that of the LTRdyn. The slope of the LTRdyn with the 
nonlinear suspension is the largest. Specifically, an increase of about 100% in LTRdyn corresponds to a 100% 
increase in hR in the range of observation. 

4 CONCLUSIONS  

The roll angle and the rollover stability indexes play a very important role in the evaluation of the vehicle's rollover 
stability. The obtained results are analyzed with 2 cases of linear and nonlinear types of suspension. Calculations 
are carried out with the lateral acceleration in the form of a step function, the range of hR, and the road excitation with 
the range of velocity. 
The obtained results are analyzed in the time domain, the hR domain, and the velocity domain with the consideration 
of road excitation. 
The obtained roll angle with the linear suspension system is always larger than that with the nonlinear suspension 
system. Especially, when subjected to the road excitation at low speed, the maximum dynamic roll angle is smaller 
significantly with the nonlinear suspension. However, in contrast to the maximum of absolute acceleration is always 
larger with the nonlinear suspension. 
The effect of road excitation increases the maximum dynamic roll angle compared to the steady-state roll angle by 
about 60% on average. The maximum of absolute acceleration ratio with nonlinear suspension is always larger and 
depends heavily on the velocity in case of road excitation. For the case of nonlinear suspension system, the maximum 
dynamic rollover stability index, LTRdyn is always with an average of about 27% lower than that of linear suspension 
in the whole velocity domain, and it is significantly dependent on velocity. 
Whereas, in the hR domain, the sudden change in the form of a step function of the applied load significantly increases 
the value of the maximum dynamic roll angle and rollover stability index, compared with the roll angle and the rollover 
stability index in steady state, respectively. The maximum dynamic roll angle, and the maximum dynamic rollover 
stability index increase by about 100%, corresponding to the 100% increase of hR in the range of observation. 
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