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This paper contains analysis of optimal forms of a geometric nonlinear (flexible) shallow shells based 
on an elastic foundation. Rise of arch in the center of the shell, width, length and type of support are 
given. The design variable is taken to be the thickness of the shallow shell, the form of the middle 
surface forming and the characteristic of elastic foundations. Critical force coefficient and stress of 
shells are calculated by Bubnov-Galerkin.
Key words: Shallow shells, Nonlinearity, Elastic foundation, Critical force, Strength, Variable form

INTRODUCTION

Shallow shell on elastic foundation is promising 
structures. They can be used as the foundations 
of buildings and structures, spans of bridges, 
highways constructions. Often designers solve 
problems not only to calculate such a structure, 
but also to find the best of its optimal parame-
ters. Therefore, the development of methods of 
their analysis is an urgent task. Currently, most 
of these structures are designed with a software 
based on the finite element method. It is conve-
nient model for engineering design gives good 
results only for linear problems. In the case of 
non-linear problems, you can get results, the ac-
curacy of which is difficult to assess. 
The result is highly dependent on the type and 
numbers of finite element. Increasing the num-
ber of finite elements does not lead to accuracy. 
In addressing some of the challenges of design-
ing, analyzing and optimizing designs, more re-
sults that are accurate are obtained by using nu-
merical methods. Therefore, the development of 
numerical methods for the design of structures 
operating in the nonlinear stage is necessary, in-
cluding to be compared with the results of finite-
element method.

EQUATIONS FOR THE DETERMINATION 
OF CRITICAL FORCE COEFFICIENT AND 
STRESS FOR SHALLOW SHELLS ON AN 
ELASTIC FOUNDATION

Equations for the determination of critical force 
coefficient and stress for shallow shells on an 
elastic foundation given in [01, 02]:

(1)

Where
     – effort function, w – deflection function.

(2)

(3)

F = F(x,y) - the equation of the middle surface of 
the shell,
Z – function loading,
k – modulus of elastic foundation reaction,
t - soil shear parameter,

(4)

(5)
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Where:

(6)

(7)

Еs and Vs  - elastic module and Poisson’s ratio 
of the soil,
Н – depth of the soil stratum,
    (z) - function of cross distribution displace-
ments.

Figure 1: Shallow shell on an elastic foundation

Function of cross distribution displacements:  

(8)

Where:
γ - parameter that characterizes the vertical de-
formation profile within the soil continuum.
Equivalent stresses in the shell are found by the 
fourth stress hypothesis. Stress coefficient can 
be described by the equation [03, 04]: 

(9)

Where:

(12)

(10)

(11)

(13)

(14)

(15)

(16)

(17)

(18)

(19)

(20)

(21)

(22)
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h – shell thickness,
E - elastic module,
ν - Poisson’s ratio,
A, B - unknown of Bubnov-Galerkin method,
Zx, Zy – beam function.
Critical force coefficient for shallow shells on an 
elastic foundation can be described by the equa-
tion:       

(23)

(24)

(25)

(26)

(27)

(28)

The results obtained by this method were com-
pared with other techniques. Table 1 shows the 
value for bending moment of a 9150x12200x150-
mm spherical metal shell. The rise of arch in the 
centre of the shell  = 300 mm, elastic module of 
the soil Es = 6895 Pa for all curve. Depth of the 
soil stratum Н = 3.0 m.

Stupisin L. Straughan 
W. [5]

SCAD 
office

The value of 
the bending 

moment, Nˑm
10,14 17,62 5,0

Table 1: Comparison of bending moment

The difference in the results of the second and 
the third column explains the differences in geom-
etry of the structure (shallow shell with minimal 
rise and plate). Calculation of the finite element 
method in a program complex «SCAD - office» is 
executed (400 triangular finite elements). Finite 
- element numerical procedure based on an ap-
proximation of a triangular area of a fourth-order 
polynomial.  Geometrically nonlinear solution of 
the problem is carried out the method of succes-
sive loadings.

OPTIMIZATION METHOD

Research shows that there are various combina-
tions of the values of shell thickness and the pa-
rameter that characterizes the vertical deforma-
tion profile within the soil continuum at which the 
stress in shell is the same [06, 07, 08, 09, 10]. 
Similar relationships were found for the critical 
load. Therefore, it is possible to find the optimal 
combination of these parameters with limiting 
the value of the stress, critical load the thickness 
(volume) of the shell or the characteristics of the 
elastic foundation:  

(29)

(30)

(31)

(32)

Where: 
        - volume function, 
        - stress function,
        - critical load function.
This will make it possible to optimize geometri-
cally nonlinear shallow shells on an elastic foun-
dation due to optimal form distribution when 
there is a need to:

optimize stress in the median surface of a 
shell for any kinds of support with  
a limitation on the volume of used material; 
optimize critical load of a shell for any kinds 
of support with a limitation on the volume of 
used material;  
optimize the volume of a used material for 
any kinds of support at preset values of the 
stresses or critical load.

This can ensure considerable savings in the 
weight of building structures. The dependences 
and patterns allow identifying areas for optimiza-
tion of shallow shells on elastic foundation. 
The graphs show, that the stress increases when 
the values of the parameter that characterizes 
the vertical deformation profile within the soil 
continuum grow up and the values of the thick-
ness decrease. Obviously, the volume of the 
shells decreases with decreasing thickness, and 

•

•

•
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does not depend on the parameter that charac-
terizes the vertical deformation profile within the 
soil continuum. 
Each of the parameters of shell can be used as 
criteria of optimization. Therefore, the task is 
very difficult. The correct formulation of the prob-
lem and the choice of optimization algorithm is 
possible to solve these problems.
The optimization algorithm is built on a combina-
tion of techniques gradient method and random 
search method. Penalty functions method of 
constrained function minimization is used.
After normalization parameters field of admis-
sible values of the objective function:

(33)

where xi  - a new space of dimensionless  
parameters,
Xi - the former space of dimensionless  
parameters,
xci- the characteristic sizes of which are  
selected from the condition, 

(34)

in the initial point of the search.
Steepest descent from the acceleration can be 
described by recurrent relations:

while,

(35)

In the case of increasing  or exit point for a 
boundary, random search algorithms are used. 
The minimum is sought on a set of points uni-
formly distributed inside a cube with sides 2h 
and centered at the point with the smallest crite-
rion value. In each of the next series of t samples 
decreases the size of the cube: 

(36)

were 0<c<1  .
In each of the next series of random samples 
averaged steps and moved in the direction of 
minimum.

(37)

After carrying out the specified number of sam-
ples, the search stops.
For solving problems (38) - (41) used a penalty 
function method. If the constraints in the prob-
lems are accurate to some small:  

(38)

the quality criterion can be represented in the 
form: 

(39)

where Lk(Vk) - the penalty coefficients are select-
ed as follows:

(40)

The positive coefficients must satisfy the rela-
tions: 

(41)

V* -  the accepted absolute value V(x) in the ini-
tial point of the search.
In some cases just due to a rational thickness 
distribution it is possible to save up to 25% of its 
material with a considerable weight reduction of 
the structure.

CONCLUSION

This methodology can be applied to determine 
stresses for geometrically nonlinear shallow 
shells on an elastic foundation of variable shape 
of the middle surface, thickness of shell and the 
characteristics of the elastic foundation. In some 
problems, the numerical method provides great-
er accuracy and adaptability compared with the 
finite element method. A rational thickness distri-
bution it is possible to save up a significant of its 
material with a considerable weight reduction of 
the structure.
This work was supported by the grant of the 
President of the Russian Federation [МК-
9203.2016.8].
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