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It is proposed the computational model of the dynamic loading in longitudinal and transverse re-
inforcement at instant emergence of the spatial сrack in reinforced concrete constructions under 
the action of  torsion with bending. The dependences have been obtained for the determination of 
stresses in stretched reinforcement, vertical and horizontal reinforcement stirrups in cross section 
with a crack. 
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INTRODUCTION

The task of studying dynamic loading under the 
emergence of crack in reinforced concrete ele-
ments is currently poorly understood [01-04]. 
In particular, it remains open for the complex 
stressed state of the reinforced concrete struc-
ture under the action of torsion with bending [05-

08]. The present of the paper is devoted to solv-
ing this problem.
To determine the value of the dynamic force, let’s 
turn to the bilinear surface obtained earlier in arti-
cle [09]. It describes the shape of the spatial crack 
of the reinforced concrete element (Figure 1).
 

Figure 1: The general view of emergence crack and mathematical model of its bilinear surface in a reinforced 
concrete element under the action torsion with bending
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Consider this surface, dividing it into elementary 
squares (Figure 2, a, b) In the proposed calcula-

tion model.

Figure 2: The model of the bilinear surface of the spatial crack  in reinforced concrete element, divided into 
elementary squares (a) and its view in the plane YOZ (b)

RESEARCHES AND RESULTS

Mentally, we divide this surface into squares with 
corner points Аi, Вi, Сi, Di,  the total number of 
which, within the cross-sectional area, is m. At a 
point located at the intersection of the diagonals 
of each square, the force Nbt,i, is applied along 
its normal to its surface (see Figure 2 (a)), which 
corresponds to the ultimate tensile strength of 
concrete in the area of this square. It is deter-
mined by the formula:

(1)

where i=1÷m; Abt,i – is the area of an elementary 
square, which can be easily determined from the 
coordinates of the corner points of the square 
АiВiСiDi. Note that the coordinates of the corner 
points can be easily found by the method given 
in [09].

The only unknown parameter is the orientation 
of the force Nbt,i in space of this case. We single 
out one of the elementary squares АiВiСiDi  and 
consider it more detail (Figure 2, Figure 3).
It has drawn through the point Wi [xwi, ywi, zwi] 
the forces Nbt,i, the lines HiLi and MiNi, which 
divide the lines AiBi (CiDi) and AiCi (BiDi) in 
half. The coordinates of the points Hi, Li, Mi, Ni  
are defined similarly to the corner points of the 
square АiВiСiDi.
The equation of a bilinear surface in parametric 
form is known, we enter into it, the value of the 
corner points of the reinforced concrete structure 
cross-section– points А, В, С, D is inscribed in it. 
The equation of a bilinear surface is concretized 
with respect to the given cross-section.

(2)

The bilinear surface is split into the correspond-
ing squares and the coordinates of any point of 
the square are calculated from the specific equa-
tion of the bilinear surface. In this case, the step 
of splitting into squares u and w is given, that is, 

the values of uk and wk in the parametric equa-
tion (2) are known. Then, it is possible to deter-
mine the coordinates of the three points of any 
small square (АiВiСiDi, Figure 2) falling into a 
given grid, for example, points M, H and W:
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(3)

(4)

(5)

If the coordinates of the three points M (xm; ym; 
zm), H (xH; yH; zH) and W (xw; yw; zw) are known, 
the equation of the surface for a small square is 
written in coordinate form:

(6)

After expanding the determinant of equation (6), 
we obtain the equation of the surface for a small 
square in the following form:

(7)
where the coefficients А, В, С, D are determined 
from the disclosure of the determinant. Then, the 
equation of the normal to the found surface at a 
point W in the parametric form is written down. In 
this case, the condition of perpendicularity of the 
normal to the plane of the small square is taken 
into account:

(8)

In equation (8), the parameters А, В, С, D are 
known, and the values of unknowns a1, a2 are 
determined from using these proportions:

(9)

The known relation between the direction co-
sines of the normal is used to determine the un-
known parameter a3 by next formula:

(10)

(11)

where

Then, it is divided each term of the equation (10) 
to n2. Then, we will have:

(11)

Transform equation (12), using relations (9):

(12)

(13)

Substituting expressions (13) and (14) into equa-
tion (12), we have:

Then, carrying out the corresponding algebraic 
transformations, we obtain an expression for the 
direction cosine n:

(14)

Now, using relations (9) and the resulting ex-
pression (15), after algebraic transformations we 
obtain:

(15)

(16)

As a result, it is obtained the dependences (15)–
(17) for determining the direction cosines to the 
normal, Figure 3.
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Figure 3: The normal to the surface of a small square at the point W at the intersection of the lines MN and 
HL and the decomposition of the normal force Pν

The equal component of the effort on the inclined 
area xν, yν, zν  (Figure 3) is the total effort at this 
site and is defined as the geometric sum of the 
components:

(17)

where  

(18)

and cos(x, v)=l, cos(y,v)=m and cos(z,v)=n are 
calculated by formulas (15)–(17).
Return to Figure 1 and consider which dynamic 
loadings occur in the reinforcement element in 
the deplanated section with a spatial crack. To 
solve this problem, we turn to the article [10]. 
The task of introducing into account the efforts of 
dynamic loadings preloading of reinforcement is 
reduced to a number of corrections to the equa-
tion of internal forces already obtained within the 
present work in the spatial section of the ele-
ment. The calculation algorithm is the following.
At the first stage, a full calculation is carried out 
according to the recommendations given in [10].
The second stage is based on the obtained data 
on the projection length “c” of the spatial crack 
on the X axis and the height of the compressed 
concrete zone xb of the deplanated section with 
a spatial crack, determine the coordinates of the 
angular points of the bilinear surface of the spa-
tial crack and build it.
In the third stage of the calculation, the bilinear 

surface is divided into m elementary squares 
and, in accordance with the recommendations 
given above, the components of the forces Nbt,i 
are determined for each square along the X, Y 
and Z axes.

CONCLUSIONS

To determine the dynamic loading in longitudi-
nal and transverse reinforcement, it is used the 
proposition set forth in [01, 02, 04], at the accor-
dance with which:

(19)

where            – the stresses in the reinforce-
ment, taking into account the dynamic loading 
from the instantaneous emergence of a spatial 
crack;          – the stresses in the stretched work-
ing reinforcement in the cracked section that 
would have arisen in this system if the n-system 
transition to the (n-1) system was not due to the 
instantaneous destruction of the stretched part 
of the concrete in the cross section k, but by its 
slow forced unloading from some value of the 
limiting stress, perceived by this part of the sec-
tion to zero;  the stresses in the reinforcement 
obtained during the static calculation of the sys-
tem at the stage preceding the moment of emer-
gence of a spatial crack.
Specifying this formula, applied to the longitu-
dinal reinforcement, taking into account the pa-
rameters given in this paper, we obtain:
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(20)

Specifying this formula, applied to the transverse 
reinforcement, taking into account the parame-
ters given in this paper, we obtain:

(21)

where             – the stresses in the vertical 
or horizontal stirrups reinforcement, taking into 
account the dynamic loading from the instanta-
neous emergence of a spatial crack;               – 
the stresses in the vertical or horizontal stirrups 
reinforcement after the appearance of the spatial 
crack, obtained by the calculation of  first stage; 
2αRbt – the stresses in the working armature in 
the stage preceding the moment of spatial crack 
emergence; the parameter  takes values   for 
vertical stirrups, but   for horizontal stirrups re-
inforcement.
It will be assumed that the spatial crack crosses 
the reinforcing bar perpendicular to its longitudi-
nal axis.
To determine the area of the reinforcing bar of 
the longitudinal working reinforcement (or verti-
cal or horizontal stirrups) at the point where it 
intersects the spatial crack and the stresses 
arising in this section, consider the elementary 
square АjВjСjDj. The side length value of the 
square is 0,9dj (dj is the diameter of the jth rein-
forcing bar) and the intersection point of its diago-
nals coincides with the point of intersection of the 
spatial crack with the axis of the reinforcing bar 
(Figure 4). 

(22)

where           corresponds to            from [10], 
obtained during the first stage of the calculation;                         
– filling diagrams of the tensile stresses of the 
reinforcement in the direction of the Y axis along 
the spatial crack, reduced to linear.
The dynamic linear efforts   (see Figure 1) in ver-
tical stirrups are defined as follows:

(23)

where if  ,then   corresponds   from [10], obtained 
during the first stage of the calculation; – filling 
diagrams of the tensile stresses of the reinforce-
ment in the direction of the Z axis along the spa-
tial crack, reduced to linear;

(24)

where if ; then   corresponds  from [10], obtained 
during the first stage of the calculation.

Note that in the YOZ plane of the cross-section 
for longitudinal reinforcement, in the XOZ plane 
of the cross-section for horizontal stirrups and in 
the XOY plane of the cross-section for vertical 
stirrups are circles (Figure 4, b), according to the 
accepted assumption.
The dynamic linear efforts (see Figure 1) in hori-
zontal stirrups are defined as follows:

Figure 4: The fragment of the intersection of the vertical reinforcing stirrups (or horizontal stirrups or longitu-
dinal working armature)  by a spatial crack (a)  and determination of theit area at the point where it intersects 

the spatial crack (b);  1 – the central axis of the vertical reinforcement  bar;  2 – vertical reinforcement bar;  
3 – spatial crack
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The linear nagel effort in the reinforcement stir-
rups [11, 12], arising on the side faces of the re-
inforced concrete element (not shown in Fig. 1) 
– is determined by:

(25)

where   – filling the stress tensile stresses of the 
reinforcement in the direction of the X axis along 
the spatial crack, reduced to linear.
As a result of the calculations, all the compo-
nents of dynamic loading are obtained of the re-
inforcement from the instantaneous of a spatial 
crack emergence that occurs when the element 
is under the action of torsion with bending.
Thus, as a result of these studies, it is proposed 
a design model for the dynamic loading  of rein-
forcement from the instantaneous formation of a 
spatial crack that occurs when a reinforced con-
crete structure is under torsion with bending and 
the dependences for determining stresses in 
stretched reinforcement, vertical and horizontal 
stirrups in a section with a crack are obtained.
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