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The decline in sales of new cars in Russia leads to the necessity for a more complicated procedure 
connected with the sale of pre-owned cars. Creating a sequence of premium brand pre-owned cars 
purchasing and selling will lead to an increase in new car sales and increase customers` loyalty. 
A mathematical model of the formation of car purchase and transaction chains is proposed. The 
developed program module allows to create the required number of transaction chains based on 
customers` requirements. A numerical example demonstrating the effectiveness of the module for 
the regional car dealerships is provided.
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INTRODUCTION 

The car market in Russia is currently experienc-
ing weak sales and little growth. The low level of 
motorization and a significant increase in the lev-
el of household incomes brought the Russian car 
market to the first place in Europe in the 2000’s. 
However, the car market appeared sensitive to 
the crisis developments in the economy, which 
led to a significant reduction of car sales in Rus-
sia in recent years. In the period of recession, a 
decrease in consumer income forces dealers to 
sell cars below their invoice price and dealers 
have to compensate for their losses by selling 
spare parts and the servicing of cars [02]. 

One of the ways to support the car market in Rus-
sia is to turn to the state government programs 
that promote the replacement of old vehicles 
with modern ones. However, they do not apply 
to all segments of the auto market. For example, 
the Russian Government provides subsidies to 
encourage car owners to trade-in their old cars 
to buy new ones. The program is focused on do-
mestically produced cars with subsidies apply-
ing to cars whose price does not exceed the set 
value (which increased from 9,000 euros in 2009 
to 16,000 euros in 2016). In Europe market de-
mand for cars is effectively managed by stimu-
lating the replacement of older cars with more 
economical and eco-friendly vehicles [13]. 

Nowadays, manufacturers pay increasing atten-
tion to the market of pre-owned cars. Initially, 
this segment of the car market was supposed 

to create near-direct competition with new cars. 
But the strategy is changing now and manufac-
turers are trying to increase car residual value to 
raise customer loyalty to their brand [06]. On the 
other hand, car durability is an bottleneck in new 
car sale, so car durability factor should be taken 
into account in the manufacture of new cars [07]. 
Therefore, it is worth thinking about the fate of a 
new car when selling it to the buyer. 

A considerable amount of literature has been 
published on relationships between buyers, sell-
ers (especially dealerships) and manufacturers. 
As for the interaction between buyers and deal-
ers, it has dramatically changed in recent years 
and this change can be accounted for by the car 
market globalization [01]. So the car market is 
influenced by the Internet, which provides in-
formation about car prices and quality of cars, 
a dealer’s honesty, in which case dealers have 
little opportunity to overprice. For example, in 
Denmark price differences for cars in various re-
gions could reach 15% a few years ago though 
nowadays there is no disparity in pricing [08]. 

Knowledge about special offers of different deal-
ers and customers’ patience  allows to reduce 
costs by an average of 0.5-2% when buying a 
car [10]. Most dealers pay a lot of attention to 
discounts on cars, while the factors of personal 
relationships and service packages are not suf-
ficiently used to promote the sales [12]. In the 
Internet era dealers must build a novel type of 
relation with customers, because customers can 
easily get information about car pricing online. 
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And negotiations between a dealer and a cus-
tomer become an important part of a car sale 
procedure. 

Customers could be classified into three cat-
egories in relation to the dealer: 1) the customer 
focused on friendly relations; 2) the customer fo-
cused on getting service packages; and 3) the 
disloyal customer. 

Some dealers don’t take into account the cus-
tomer loyalty factor as they wish to get unrea-
sonably high income, which leads to customers’ 
breaking any relations with the dealer [04]. Ter-
mination of the relationship is a wake-up call for 
the dealer. Researchers identify determinants 
of relationship termination, such as changed 
needs, service failures, or variety seeking [11]. 
However, not all customers are ready to cut off 
all contact with the dealer, some are ready for 
relationship recovery. 

Customer loyalty to the brand is very important 
for manufacturers. Vigripat and Peng showed the 
effect of service quality, brand image and trust 
building as well as a positive recommendation 
of the model and brand on a desire to buy the 
same car [15]. Moreover, it was found that brand 
image was not an important factor for repurchas-
ing a car. On the other hand, it is essential for the 
brand to implement the customer expectations 
during the re-purchase, i.e. the customer should 
have confidence in the brand. 

The article [14] showed that only large dealers 
could retain customers of the brand, customers’ 
loyalty to the premium brand was higher than to 
the economy class cars. 

The behaviour of the premium brand customer 
depends on many factors. In particular, cultural 
differences lead to a different perception of the 
value of a premium car [03]. Making a decision 
about the premium brand car purchase is asso-
ciated not only with economic or rational factors, 
but also with the customer psychology, the cul-
ture of the country. Eastern collectivism increas-
es Mercedes sales, and western individualism 
increases BMW sales. 

This article discusses the model for BMW brand 
sales promotion in Russia. There are many 
brands in the world while everybody is certain to 
know about the BMW brand. Having this brand 
car is a symbol of success, dynamic and repu-
table life [09]. The main advantage of the BMW 
brand has been its style commitment for over 
half a century. 

BMW customers tend to be more loyal to the 
brand; therefore, it is necessary to create tools to 
help customers exchange cars. The sales man-
agement model should consider the durability of 
the cars together with a large number of custom-
ers who want to buy a used car of a premium 
brand. The model presented in this article allows 
to improve the quality of customer service and 
increase car sales as well as improve customer-
dealer relationships.

MODELLING CAR SALES 

In car sales, it is possible to identify three types 
of participants, i.e. decision makers: customers, 
dealers, and manufacturers [02]. Customer be-
haviour is described primarily by using the logit 
functions [02, 05, 13]. The main sources of get-
ting information are the car dealership surveys 
[03, 16]. In the article [04] it is proposed to identify 
the customer behaviour using computer testing. 
A more sophisticated model is associated with 
household behaviour, because. if the family has 
more than one car then family members expose 
different requirements to the dealer [01].

The behaviour of the dealer is associated with de-
termining the price and terms of payment, nego-
tiations, additional options, etc. The manufacturer 
sets sale strategies either together with a dealer 
or independently. Albuquerque showed that the 
manufacturer determines the number of dealer-
ships depending on the market conditions [02]. 

Thus, the participants’ goals and strategies of the 
car market determines the necessity for reaching 
a compromise or balance [01, 02, 05, 07]. Differ-
ent results can be explained by the difference in 
the number of participants, their goals and their 
model of behaviour. 

In this article, the model of the manufacturer be-
haviour is not considered. The change in the deal-
er’s strategy, which is caused by the decrease in 
sales, is associated with increased sales of pre-
owned cars, which allows to stimulate new cars 
sales under the scheme “trade-in”.

The relationship between a customer and a 
dealer in car purchasing process is described 
as the selection of proposals and negotiations 
about the sales price in transaction chain at the 
top of which is a new car. 

Car sales in Russia have been decreasing since 
2014 though the decrease in premium brand 
cars sales has not been so drastic. In this article, 
we are considering the BMW sales performance 
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in Russia and in Krasnoyarsk region. Figure 1 
shows that in 2014 dealers managed to increase 

the sales despite the overall Russian tendency 
towards decline.

Figure 1: Regional BMW sales

A solution to improve the situation (to promote 
the demand) could be the increase in the pre-
owned cars sales. Our research is focused on 
BMW 5 Series cars.  The chart below shows the 
ratio of new-to-used cars sold by the dealership. 
What is interesting in these data is that the num-

ber of sold pre-owned cars is growing rapidly 
and recently it has increased threefold. In 2013 
for 1 sold pre-owned car there were 17 new cars 
sold; in 2015 there were only 6. In addition, the 
proportion of BMW cars increased from 50 (3% 
to 6%) to 70 (11% to 17%). 

Figure 2: Ratio of sold pre-owned and new cars

Thus, the number of loyal-to-the-brand custom-
ers is increasing. It is necessary to take this ad-
vantage to increase the sales of new cars. The 
model of the BMW 5 series cars sales is offered 

in the article. It should be noted that the BMW 
sales are around 15% of the sales volume in 
Krasnoyarsk region. 
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Figure 3: BMW 5 Series sales trends, volume of new cars

PROBLEM DESCRIPTION

We will show how the proposed multilevel sys-
tem works with the data taken from the database 
of “ElitAvto” (BMW 5 Series cars). The system 
consists of several levels. A certain model of the 
BMW 5 Series cars is assigned to each level. 
During the period from 1977 to 2014, six mod-
els of the BMW 5 Series cars were produced by 
BMW Group. Earlier models of BMW cars (pro-
duced in the 1970s - 1980’s) are not considered 
as their number is very low and there is little de-
mand for them. Therefore, our system consists 
of five levels and depends on the number of 
models that have a certain demand and liquidity 
position.

The first level (highest level) includes new BMW 
5 Series cars in stock, all the cars are situated in 
the showroom. This model has been produced 
since 2010. The bodies of these cars are labelled 
F10. The cost varies from 30,000 to 40,000 eu-
ros. The first level is highlighted apart from the 
others, since these cars are new, and the sale 
of these cars is the dealer’s priority. All the lev-
els that follow include pre-owned cars. The sec-
ond level includes the cars of the same model 
as those of the first level but the second-level 
cars have a mileage. The cost of these new cars 
is significantly lower and it varies from 14,000 
to 30,000 euros. The car owners whose cars 
could belong to the second level are more likely 
to become potential candidates for the purchase 
of a new car. On the third level there are cars 
produced between 2003 and 2009. The bodies 
of these cars are labelled E60. The costs fluctu-
ate from 10,000 to 17,000 euros. The third-level 
car owners may be both second-level and first-
level customers. On the fourth level there are car 
produced between 1995 and 2003. The bodies 

of these cars are labelled E39. The cost is from 
4,000 to 10,000 euro.

Finally, the fifth level includes cars of the same 
5 Series produced between 1988 and 1995. The 
bodies of these cars are labelled E34. The cost 
is from 3,000 to 4,000 euros.

The diagram below shows how car owners move 
through the levels. Currently, there are 348 po-
tential customers who could buy a new BMW 5 
Series car (F10) in the customer database of the 
dealership “ElitAvto”. The potential customers 
are registered in the dealership system CRM, 
GoldMine program. According to the data in the 
program, 52 of the 348 potential customers are 
already BMW car owners. It is necessary to en-
courage BMW car owners and potential custom-
ers to purchase new cars, which will lead to the 
growth in sales of premium cars. It will increase 
the dealer’s profitability and stability in the mar-
ket. It requires developing a mathematical mod-
el of making pre-owned car transaction chains 
based on the data collected from GoldMine. 

MATHEMATICAL MODEL OF SALES 
MANAGEMENT

There are  N requests in the database. For each 
request the level of a customer car a

i
  is identi-

fied as follows: 0 – no car, 1 – a new car with 
body F10, 2 – a used car with body F10, etc. The 
wanted vehicle is in request b

i
. The customer is 

ready to pay d_i for the replacement. At the same 
time the market prices of level (body) j car is C

j
. 

It means that the additional payment for the re-
quest   shall be C

bi 
- C

ai
 . Thus, a customer’s “in-

transigence” could be defined as the difference 
between the market additional payment and the 
price that the customer is ready to pay.

e
i
=C

bi
-C

ai
-d

i
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The transaction chain is calculated from the re-
quests with numbers i

1
,i

2
,i

3
,i

4
,i

5
 (the first index 

shows that a customer with no car wants to pur-
chase an old car). However, some numbers may 
be empty (a customer wants to purchase a car 
more than a level higher).

This chain will have the following intransigence 
level (the divergence from market price).

e
i1 

+ e
i2 

+ e
i3 

+ e
i4 

+ e
i5

At the same time, the importer could offer a dis-
count ∆C. 
The remaining sum ∆C - e

i1
- e

i2 
- e

i3 
- e

i4 
- e

i5
 is ex-

pected to be divided between the participants in 
equal shares or in proportion to the cost. It is also 
possible for the dealer to receive the difference.

If the condition is not fulfilled, the dealer should 
help the customers to come to agreement. It is 
offered not to change the price for customers who 
objectively value their car (e

i
<0) (their request will 

be fulfilled). For uncompromising customers it is 
necessary to increase the additional payment (in 
comparison with the desired price) proportionally 
to the cost or in equal parts. The problem of find-
ing a chain is not very difficult and can be solved 
by enumeration. The algorithm starts with the fi-
nal customer (who is going to buy a new car). The 

Figure 4: BMW 5 Series replacement and sales

customer has a car to sell. There are customers 
for this car. If this customer has no car, the chain 
ends, and the search for customers continues.

The number of possible chains depends on the 
number of requests. For example, if all custom-
ers want to replace their cars a level higher, the 
total number of chains will be: 

 ∏
i=1

5=1ni ,

where n
i
  – a number of i - level customers.

If a customer wants to purchase a car sever-
al levels higher, the number of chains will be 
lower. For example, if there are 10 requests on 
each level, the number of chains is not more 
than 100 000. And if there are 100 requests on 
each level, the number of chains will not exceed 
10,000,000,000.

Supposing A
j
 is a chain that includes custome

rs{a
j1
,a

j2
,a

j3
,a

j4
,a

j5
}, then the set of all chains is 

A. The  variable is a disjoint set of chains X   A 
(each pair of chains  X

i
    A and  X

j
     A meets the 

condition  X
i
∩X

j
=   ) .

Obviously, the chains include part of the cus-
tomers and, at the same time, all the chains 
cannot be implemented. It is needed to find a 
set of disjoint chains X. So it is important for the 
dealer to find a set of chains with the highest 
number of them, which will allow realizing the 
maximum number of new cars:

|X|→max.

The solution of the problem (searching a set of 
chains) also depends on the number of chains. 
Apparently, the number of variants does not 
grow as fast as the number of chains that de-
pend on the number of requests. Still, when the 
number of chains is more than several thou-
sands, it is difficult to solve the problem with a 
modern computer (time spent can amount to 
days).

SOLUTION ALGORITHM 

A more challenging task is to calculate a set of 
transaction chains. In this case, we need to assign 
non-greedy customers to different chains in order 
to increase the number of chains. Various chains 
are made for this purpose. Among these variants 
the chains with the level of greed lower than a 
price-cutting level are selected; otherwise, it will 
be difficult to persuade customers to increase the 
additional payment. Next, with the help of the ex-
haustive search algorithm (also based on the de-
cision tree) a set of chains with disjoint requests is 
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selected (i.e. the request cannot be in more than 
one chain). A set of chains with the highest number 
of chains is selected, which is the optimal solution. 
After that, the negotiations on each chain are con-
ducted. The reduction in the number of possible 
chains will help to solve the problem of finding a 
set of chains by the exhaustive search effectively.
A small dealership (regional level) does not need 
to make hundreds of chains. It is enough to make 
several disjoint chains for the current work. For ex-
ample, up to 30 transactions of sale and purchase 
are necessary to be completed for 5 chains. In 
addition, negotiations with customers on the price 
of the car are essential to be conducted. So the 
amount of work for the regional dealer will be big 
enough for a small number of chains. Therefore, 
the exhaustive search algorithm can be used to 
solve the problem. Also, it should be mentioned 
that requests for cars constantly come and after 
the proposed chains are implemented, a new set 
of chains on the updated customers` requests can 
be created. As mentioned above, every chain can 
be estimated by the degree of greed. Naturally, a 
chain where greed is high is more difficult to imple-
ment. Therefore, it is proposed to limit the greed of 
chains. In other words, we identify the maximum 
possible chain divergence from the current price 
of a new car. Chains with a large divergence are 
not considered since it will be difficult to persuade 

customers to significantly increase the price. If we 
divide customers into greedy and disinterested 
ones, chains of more disinterested customers are 
formed if a divergence is small. Therefore, the 
same disinterested customers will be in different 
chains and a number of disjoint chains will be low. 
If the maximum divergence from a new car price is 
increased, new chains will be formed in which dis-
interested customers will be distributed to differ-
ent chains, i.e. the greed of some customers will 
be compensated by the disinterestedness of oth-
ers. At start of the program information about car 
prices (table “Body price”) and customer requests 
(table “Customers` offers”) is uploaded from text 
files. It is necessary to set “The maximum bargain-
ing percentage” of a new car price. Bargaining is 
aimed at importer and dealer discount and the 
opportunity to persuade the customer to increase 
the additional payment. The solution consists of 
two steps. After pressing the button “Chains”, 
the table “All chains”, satisfying the restriction on 
“Maximum bargaining”, is calculated. The button 
“Solution” allows to find the maximum number of 
disjoint chains from the table with all chains. The 
solution is written in the table “Solution”. The table 
below shows the chain (number of customer re-
quests) and the price of a new car that customers 
are ready to buy the car for.

Figure 5: The algorithm block scheme 

NUMERICAL EXAMPLE

The sorted data were added to the sales manage-
ment program. When the program is launched, 
the data on the car prices (table “Body price”) 
and customer requests (table “Customers` of-
fers”) are uploaded from the text files. Then, “The 
maximum bargaining percentage” (price for new 
cars) is set up. Bargaining is aimed at importer 
and dealer discount and also the dealer’ oppor-
tunity to persuade the customer to increase the 
additional payment. The solution consists of two 
steps. After pressing the button “Chains”, the ta-

ble “All chains” satisfying the restriction of “maxi-
mum bargaining” is calculated. The button “Solu-
tion” allows to calculate the maximum number of 
disjoint chains from the table of all chains. The 
solution is written in the table “Solution”. Figure 
7 shows the amount of chains (number of cus-
tomer requests) and the maximal number of dis-
joint chains. The number of possible chains de-
pends on the discount. The larger the discount, 
the greater the number of chains.  The algorithm 
is suitable for many other cars (different makes 
and brands). In this case, a more detailed ques-
tionnaire for the customer should be developed. 
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Figure 6: Program screenshot

There are limitations of the use of the algorithm 
in practice. The increasing number of cars leads 
to a growing number of opportunities for buying 
and selling vehicles. For example, the number of 
customers on each level is N and each customer 
wants to buy a car only a level higher. Thus, the 
number of possible combinations will be N^5 (for 
5 levels). The number of variants (set of disjoint 
chains) will be (N!)^5. This estimate shows the 
maximum number of variants, but in reality, the 
number is lower. For example if we have to find 
only two transaction chains, the number of vari-
ants is  (N^2-N)^5. Therefore, we cannot use the 
algorithm for thousands of customers. There are 
a lot of advertisements for cars on the Internet 
and the algorithm cannot be used to calculate 
the number of all possible transaction chains in 
this case. The algorithm is designed primarily for 
dealerships’ databases.

CONCLUSION

A special feature of premium brands is their 
higher customer loyalty. Car brand loyalty can 
lead to customers returning to the same dealer-
ship when it is time for them to trade in their cars. 
And dealership owners are greatly interested in 
their customers’ exchanging their cars. There-
fore, a mathematical model for selling cars of 
one brand (BMW) is proposed in the article. The 
model takes into account a customer’s desire to 
replace his/her car, and a dealer should help the 
customer to sell his/her old car. The necessity 
of solving the problem has arisen in view of the 
growth of customer interest to buy cars under the 
trade-in scheme in Russia in the last few years.
The model allows to find a transaction chain for 
the promotion of new cars. 

Figure 7: The number of chains, the dependence on discount
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The solution of the problem consists of two stag-
es: the formation of all the possible chains and 
finding the set of disjoint chains. The exhaustive 
algorithm can be used for a small number of sold 
cars, but heuristic algorithm is required for deal-
ers with big customer databases. Development 
of heuristic algorithms to solve the problem for 
a larger number of cars of different brands is the 
next stage of the research. Dealers can use the 
model to create conditions for negotiations with 
buyers. But transactions depend on the ability 
of dealers and customers to make mutual con-
cessions. After the introduction of the proposed 
customer loyalty management techniques com-
panies` profitability and competitiveness are 
supposed to increase. The ability to realize the 
existing car at a fair price is the most significant 
factor, which has an impact on the purchasing 
decision. New cars sales plan fulfilment is the 
multilevel potential customers management 
model. A system CRM with the use of the multi-
level customer management model can be inte-
grated with GoldMine or similar software.
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