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The authentic form or general form of Cable Suspended Parallel Robot type A, CPR-A mathematical 
model is defi ned. The proper defi nition of the system kinematic model which includes trajectory, veloc-
ity and acceleration is a prerequisite for the formulation of a dynamic model. These three components 
represent the basic functional criteria of the real system which is described by the corresponding geo-
metric relations and differential equations. Kinematic model is defi ned for the CPR-A system via the 
Jacobian matrix. An adequate choice of generalized coordinates (in this paper, the motor coordinates), 
provides a mathematical model that illuminates the mapping of motor (resultant forces in the ropes) 
and camera carrier forces (acting on a camera carrier) over the Jacobian matrix on motion dynamics 
of each motor. Software packages AIRCAMA (aerial camera system type A) are formed and used for 
individual and comparative analysis of the CPR-A system from various aspects. The impact of chang-
ing any parameter of the system (workspace dimensions, the mass of a camera carrier, change the 
size and dynamics of power disturbances, the choice of control law, the reference trajectory, and the 
presence of singularity avoidance system and a number of other characteristics) can be analyzed 
through these software packages. Different examples of the CPR-A system motion are analyzed and 
their results are presented. Application possibilities of CPR-A system are certainly much broader than 
it may be assumed at this moment, especially for sports, cultural, military or police purposes.
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INTRODUCTION

A system for observation of the workspace with 
moving objects has been developed to some 
extent and widely analyzed in various research 
areas as well as for different applications. Simi-
lar systems were analyzed and modeled as pre-
sented by numerous publications. 
The kinematic design of a planar three-degree-
of-freedom parallel manipulator is considered, 
in paper [13]. Four optimal different design cri-
teria are established and analyzed. A trajectory 
planning approach for cable-suspended paral-
lel mechanisms has been presented in [14]. A 
planar two-degree-of-freedom parallel mecha-
nism has been used in the analysis. Paper [03] 
studied the kinematics and statics of under-

constrained cable-driven parallel robots with 
less than six cables, in crane confi guration. In 
those robots, kinematics and statics are intrin-
sically coupled and they must be dealt with si-
multaneously. A motion controller for six DOF 
tendon-based parallel manipulator (driven by 
seven cables), which moves a platform with high 
speed is introduced in [08]. The Workspace con-
ditions and the dynamics of the manipulator are 
described in details. In the paper [01] authors 
presented algorithms that enable precise trajec-
tory control of the Networked Info Mechanical 
Systems - NIMS, and under constrained three-
dimensional -3D cabled robot intended for use 
in actuated sensing. They provide a brief system 
overview and then describe methods to deter-
mine the range of operation of the robot. Sev-
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eral prototypes of the wire-driven parallel robots, 
with different actuation schemes have been pre-
sented in [22]. Two of them have been evaluated 
through extensive tests and showed unexpected 
kinematic problems. The wrench-closure work-
space of parallel cable-driven mechanisms is the 
set poses of their mobile platform for which the 
cables can balance any external wrench. The 
determination of this workspace is an important 
issue in [15] since the cables can only pull and 
not push on the mobile platform. Parallel cable-
driven Stewart-Gough platforms consist of an 
end-effector which is connected to the machine 
frame by motor driven cables. Since cables can 
transmit only tension forces, at least m = n + 1 
cables are needed to tense a system having n 
degrees-of-freedom. This will cause a kinemati-
cal redundancy and leads to a (m - n)-dimen-
sional solution space for the cable force distribu-
tion presented in [02]. The recent result from a 
newly designed parallel wire robot which is cur-
rently under construction is presented in [27]. It 
has been used for developing a new technique 
for computation and transfer of its workspace to 
the available CAD software. An auto-calibration 
method for over constrained cable-driven paral-
lel robots using internal position sensors located 
in the motors has been presented in [23]. A cali-
bration workfl ow is proposed and implemented 
including pose selection, measurement, and 
parameter adjustment. The wire-driven parallel 
robot presented in [18] has attracted the interest 
of researchers since the very beginning of the 
study of parallel robots. This type of robot has 
the advantage of having light mobile mass, sim-
ple linear actuators with possibly relatively large 
stroke and less risk of interference between the 
legs. On the other hand their major drawback 
is that wire actuator can only pull and not push. 
The paper [26] addressed the issue of control 
design for a redundant 6-DOF cable robot with 
positive input constraints. The design is based 
on feedback linearization controller named refer-
ence governor - RG. Nonlinear dynamic analy-
sis of the suspended cable system is carried out 
with some sensible results presented in [07] that 
could be useful to the real engineering of LSRT 
(Large Spherical Radio Telescopes). Integrated 
mechanical, electronic, optic and automatic con-
trol technologies are employed to make consid-
erable improvement upon the same system. A 
multiple cable robotic crane designed in [31] is 
used to provide improved cargo handling. The 

equations of motion are derived for the cargo 
and fl exible cable using Lagrange’s equations 
and assumed modes method. The results are 
compared against desired cable lengths and re-
sults achieved in previous research using a rigid 
cable model. This is one of a few papers deal-
ing with fl exible ropes. For the requirement of 
the trajectory tracking of the LSRT, a large fi ne 
tuning platform based on the Stewart platform is 
presented in papers [32] and [33]. The mathe-
matical model for kinematic control is developed 
with coordinate transformation, and dynamic 
analysis is made using a Jacobian matrix, which, 
with singularity analysis, built a solid base for the 
tracking control. Paper [20] addresses the static 
analysis of the cable-driven robotic manipulators 
with the non-negligible cable mass. An approach 
to computing the static displacement of a homo-
geneous elastic cable is presented. The resulting 
cable-displacement expression is used to solve 
the inverse kinematics of general cable-driven 
robotic manipulators. Cable suspended parallel 
robot is analyzed in [35], in which cables are uti-
lized to replace links to manipulate objects. It is 
developed from parallel and serial cable-driven 
robot. Compared with the parallel robot, this type 
of robot has more advantages. The cooperative 
variation of lengths of six cables pulls the feed 
cabin to track radio source with six degrees of 
freedom. The cable-driven parallel manipula-
tor can only bear tension, but not compression. 
Therefore, a cable system with j end-effectors 
DOFs requires at least (j+1) cables as shown in 
[19]. For three-translational motions of the feed 
in the system, a four-cable-driven parallel ma-
nipulator has been developed. For the design of 
the fi ve-hundred-meter aperture spherical radio 
telescope, a four-cable-driven parallel manipula-
tor, which is long in span and heavy in weight, 
is adopted as the fi rst-level adjustable feed-sup-
port system. The goal of the paper [34] is to opti-
mize dimensions of the four-cable-driven parallel 
manipulator to meet the workspace requirement 
of constraint condition in terms of cable tension 
and stiffness. One of the works that deals with 
visualization of workspace is presented in [6].
In the current literature survey there is no any 
mathematical model of the cable-suspended-
parallel robots with double parallel ropes and 
there is no available procedure for generating the 
Jacobian matrix of the similar systems. Another 
problem is that the current published models do 
not include the motors dynamics. The analysis 
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and synthesis of these complex systems can-
not be proper without the motor dynamics, be-
cause it represents the dominant dynamics for 
any electro mechanical system. The kinematic 
formulation of the presented CPR-A system is a 
key contribution in this paper, which will be used 
for the system realization. This formulation can 
be used for determining the Jacobian matrix of 
any CPR system confi guration. This methodolo-
gy for developing the kinematic model of select-
ed CPR systems is named the KinCPR-Solver 
(Kinematic Cable Parallel Robot Solver), and it 
gives a precise direct and inverse kinematic so-
lutions. The dynamic model is generated using 
the fundamental dynamic theory based on the 
Lagrange’s principle of virtual work. The math-
ematical model of the motors is determined us-
ing the same equations and expressed with the 
generalized coordinates. 
In this paper the camera carrier workspace has 
the shape of a parallelepiped, such that the cam-
era carrier hangs over the ropes properly con-
nected on the four highest points i.e. the four 
upper angles of the workspace. The suspen-
sion system is defi ned in these four points. This 

paper analyzes the mechanism which involves 
only the positioning of the camera carrier. The 
camera motion is controlled by the ropes which 
are synchronized by three motors. The gyro sen-
sor, which is installed in the camera carrier, is 
stabilized towards the horizon. In this paper, the 
real system abstraction will be used for modeling 
purposes by neglecting the transverse vibrations 
of the ropes (un-stretchable ropes).  
Future researches include implementation of the 
features of elastic ropes (type of nonlinear dy-
namic elasticity as defi ned in [09]-[12], [16]-[17], 
[28]-[30],) in the mathematical model of the CPR. 
In future research several different CPR models 
will be unifi ed according to their similarities into 
one reconfi gurable model, using the approaches 
presented in [04] and [05].
Most of the Section 2 is devoted to the CPR-A 
kinematic model, which is directly involved in 
the development of its dynamic model. Several 
cases of the system responses are analyzed for 
different conditions in the Section 3. In the Sec-
tion 4 the concluding remarks are presented. 

Figure 1: CPR-A system in the 3D space

MATHEMATICAL MODEL OF THE CABLE 
SUSPENDED PARALLEL ROBOT 

In this Section chosen CPR-A system is ana-
lyzed in depth, which graphical representation is 
shown in Figure 1 and Figure 2.
The camera carrier of the CPR-A structure is 
guided through the work area of the parallelepi-
ped shape with two ropes connected with three 
winches, each powered by the motors.
The ropes of the pulley system are run on the 

winches (reel) 1, 2, 3, powered by the motors. 
The ropes coil or uncoil on the winches of ra-
dius  R1, R2, and R3. The motors rotate winches 
directly and its angular positions are θ1, θ2, and 
θ3. This motion moves the camera in the x, y, z    
Cartesian coordinates. 
To defi ne a dynamic model of the CPR-A for ob-
servation of moving objects in workspace depict-
ed in Figure1, it is fi rst necessary to defi ne the 
camera carrier velocity of change of the coordi-
nates                          and the velocity of change 
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of the motor coordinates                          .The 
geometrical relationship between the lengths k, 
h, m, n and the Cartesian coordinates position  
x, y, z of the camera carrier is defi ned by the fol-
lowing equations:

(1)

(2)

(3)

(4)

In Figure 3а, the motion of the motor 1 and the 
motor 2 are depicted. Both motors motion de-
pend on their angular positive directions, which 
produce winding or unwinding of the ropes. 
The motor 1 and the motor 2 motions toward the 
wall anchors (we call this line “before” motor) are ex-
pressed with the following equations respectively:

(5)

(6)

The third motor is used to wind up the two ropes 
about the coil 3. Those motion produce winding 
or unwinding of both ropes at the same time. 
This can be seen in Figure 2 and 3a). 
The winch used for winding ropes has radius  
R3. The relation between the third motor motion 
changes  and the lengths change                       
                                 are expressed in the equa-
tions (7) and (8). 

(7) 

Or it can be expressed as following:

(8) 

The equation (9) is obtained by substituting (6) 
into the equation (7) or (5) into the equation (8):

(9) 

If the sampling time         is small enough then the equa-
tions (5), (6), and (9) can be expressed, respectively, 
as:

(10) 

(11) 
(12) 

Figure 2: CPR-A system top view.
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Figure 3. a) The motors (ropes) forces before motor 1, motor 2 and motor 3 and after motor 1 and motor 2, 
b) The ropes forces which carry a camera

By differentiating equations (1)-(4) and substi-
tuting them into the equations (10)-(12), the re-
lationship between velocities of camera carrier 
coordinates                         and velocities of motor 
coordinates                       can been obtained:

(13) 

The acceleration vector      can be defi ned by us-
ing Newton Euler method. 
Jacobian matrix Ja is a full matrix. The elements 
of Jacobian matrix that are beyond the diagonal 
Ja12, Ja13, Ja21, Ja23, Ja31, Ja32, are not equal to zero 
and  show the strong coupling between the ve-
locities of camera carrier coordinates and veloci-
ties of motor coordinates. 
This methodology for developing the kinematic 
model of selected CPR-A systems is named the 
KinCPR-Solver (Kinematic Cable Parallel Robot 
Solver), and it gives a precise direct and inverse 
kinematic solutions. 
The mathematical model of the system has the 
following form:

(14) 

Where:                          ,Gv=diagGvi, Lv=diagLvi, 
Sv=diagSvi. Vector equation (14) is given by ap-
plying Lagrange’s equation on the generalized 
coordinates θ1, θ2, θ3 .
Lagrange’s principle of virtual work has been 
used to fi nd the relation between the resultant 
motor load moment Ma and the camera carrier 
force     .

(15) 

The system has two ropes in the each direction 
and the motor 3 simultaneously unwind or wind 
both ropes. The connection between the resul-
tant motor load moment           and camera carrier 
force       is established. See equation (16).

(16) 

By substituting equation (16) into the equation 
(14), the dynamic model of the CPR-A system 
has been generated:

(17) 

The moment mapping matrix Oa indicates that 
the system is highly coupled.
Control law is selected by the local feedback loop 
for the position and velocity of the motor shaft in 
the following form:

(18) 

Where is position constant Klpi, and velocity con-
stant Klvi for the motion control.

SIMULATION RESULTS AND ANALYSES 

The CPR-A system presented in Figure 1 and 2 
is modeled and analyzed by the software pack-
age AIRCAMA. The software package AIRCAMA 
is used for validation of the applied theoretical 
contributions.
The software package AIRCAMA includes three 
essential modules, which are the kinematic, 
dynamic and motion control law solvers for the 
CPR-A system.
The most important element of the CPR-A sys-
tem is the motor mathematical model which is 
an integral part of software package AIRCAMA. 
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Through the simulation results it is shown that 
the dynamic characteristics of the motor signifi -
cantly affect the response of the system and its 
stability.
The camera carrier motion dynamics directly de-
pends of the mechanism dynamic parameters. 
The CPR-A model has been analyzed using the 
trajectory and the selected system parameters. 
In order to make the results comparable, the 
simulation is made for the same desired system 
parameters defi ned in the Nomenclature. The 
motors are selected by Heinzman SL100F and 
the gear boxes are HFUC14-50-2A-GR+belt.
The system is coupled on the reference level and 
its mathematical model is defi ned by the equa-
tions (1)-(17). 
The camera moves in 3D space ( x, y and z  di-
rections). The camera carrier has the starting 
point p0

start=[0.7  1.0  -0.1] (m), and the end point 
p0

end=[1.3  1.6  -0.8] (m)  (see Figure 4a)). The 
camera motion velocity has a trapezoid form and 
p0

max=0.417 (m/s) as shown in Figure 4b). 

All three motor’s angular positions θ1, θ2  and θ3, 
are involved in the coordinated task generation. 
This clearly represents a proof that all of these 
motions are mutually coupled.
The system responses, for fi rst and second Ex-
amples are shown in Fig. 5 and 6, respectively. 
These results are comparable and therefore are 
shown in Table 1. 
Each example has six pictures related to the: 

camera carrier position at the reference and 
the real frames, 
motor shaft position at the reference and the 
real frames, 
motors forces, forces in the ropes at the 
reference and the real frames, 
deviation between the real and the 
reference trajectory of the camera carrier, 
deviation between the real and the 
reference trajectory of the motor shaft 
positions, 
control signals at the reference and the real 
frames.

a)

b)

c)

d)

e)

f)

Figure 4: The reference trajectory motion of a) position x0, y0, z0 b) velocity p0
max=0.417 (m/s) of camera carrier

Example Figure p0
max (m/s) winch radius Ri(m) motors reach 

saturation
1 5

0.417
R1 = R2 = R3=0.15 (m) no

2 6 R1 = 0.075 (m), R2 = 0.04 (m), R3=0.06 (m) yes, all 3 motors

Table 1: Comparison of two selected Examples

A. Example 1
The fi rst Example is analyzing the CPR-A sys-
tem which parameters are presented in the No-
menclature Section. This system is working un-
der the ideal conditions. See Figure 5.
B. Example 2
The second Example shows the response of the 
CPR-A system, which differs in the radius of all 
three motorized pulleys in comparison to the Ex-

ample 1. Other system parameters are the same 
as in Example 1. For the chosen smaller pulleys 
radii the motors speed must be higher to achieve 
the desired trajectory of the camera carrier which 
is predefi ned to be the same like in the Example 
1.  See Figure 6.
The CPR-A system being developed in the Mi-
hajlo Pupin Institute, which observes space, is a 
part of a more complex system. 
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Figure 5: Example 1

Figure 6: Example 2

CONCLUSION

The mathematical model of the CPR-A system is 
defi ned in the fi rst phase of the study in this pa-
per. It shows the importance of generating the Ja-
cobian matrix   that defi nes the kinematic model 
of the CPR-A system. The relation between the 
camera carrier motion and the motors angular 
positions has been established. This novel pro-

cedure is named KinCPR-Solver which means 
Kinematic Cable Parallel Robot Solver. 
The Jacobian matrix plays an important role in 
developing the CPR-A dynamic model. The La-
grange’s principle of virtual work has been used 
for solving the complex relation between the re-
sultant motor load moment (acting as a load at 
the fi rst, second and third motor shaft) and cam-
era carrier forces (acting at the camera carrier). 
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This relation is used for generating the dynamic 
model of this system. 
A very important feature of the coupling between 
the motion of the camera carrier in the space of 
the Cartesian coordinates and the motion of mo-
tors is discovered. The results show how signifi -
cant it is to know the properties of the coupling 
and its effects on the accuracy of the camera 
carrier motion. The selected characteristics of 
the motors are satisfactory in the considered ex-
amples. The AIRCAMA software package can be 
used for the confi rmation of the validity of defi ned 
mathematical models and for the analysis and 
selection of all parameters of the CPR-A system 
also. Two different examples have been present-
ed to show the CPR-A application and validity. 
For future research it is planned to design and 
test few control algorithms based on papers [25] 
and [21]. Also, the infl uence of disturbance force 
on motion of the camera carrier is going to be 
analyzed in future [24].
NOMENCLATURE

DOF - Degree Of Freedom
CPR - Cable-suspended Parallel Robot
AIRCAMA - software packages AIRCAMA 
(aerial camera system type A)
t(s) - time
dt = 0.0001 (s) - sample time
Camera carrier coordinate (position of camera 
carrier in the Cartesian space):
Total number of DOF:

Vector of motor coordinates:

Motor shaft angular position after the gear box:

Motor force, resultant force:

Acting force on the camera carrier:

Camera carrier force, total force at the camera 
carrier:

Resultant motor load moment:

Winch radius: 

Voltage:

Rotor current:
Electromotive force constant: 

Constant of the moment proportionality:

Coeffi cient of viscous friction:

Moment of inertia for the rotor and the gear box:

Jacobian matrix: 

Rotor circuit resistance:

Motor inertia characteristic:

Motor damping characteristic:

Motor geometric characteristic:

Mass of the camera carrier: 

Moment mapping matrix:

Length of the recorded fi eld:
Width of the recorded fi eld:

Height of the recorded fi eld:
Initial deviation of the motor angular position:

Positional constant for motion control:

Velocity constant for motion control:
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