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Methods for correcting aberrations of images, obtained by an optoelectronic camera with the use of preliminary 
measured calibration function, provoke wide interest in recent years.  For the most part these methods are not char-
acterized by high accuracy and are typically used for cameras with objectives having rather high relative distortion. In 
this article the method is discussed for measuring distortion of a wide-angle objective for calibration of photoelectric 
cameras designed to measure angular coordinates of remote objects with the accuracy as high as 10 arcseconds.
It is proposed to use an air mirror-wedge as a test object, which allows creating a sheaf of collimated beams. The 
calibration function of a photoelectric camera is calculated by mathematical post-processing of the recorded frames.
The proposed method was experimentally tested for photoelectric cameras with full angular fi elds-of-view of 21 
degrees and angular pixel sizes of 20 arcseconds. The subpixel accuracy of determining the calibration function is 
demonstrated.
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INTRODUCTION

For high precision measurements of remote objects an-
gular coordinates, in particular for astronomical mea-
surements with using photoelectric registration, it is nec-
essary to take into consideration the image aberrations 
resulted from imperfect optics at the stage of recorded 
frames processing. The signifi cant contribution to image 
aberration, especially for wide-angle lenses, results from 
distortion of optical systems.
A method for in-laboratory distortion measurement of 
wide-angle cameras for electronic theodolites is con-
sidered in this paper. To create a test light source it is 
proposed to use an air mirror-wedge (AMW) formed by 
two plane-parallel plates. The method is characterized 
by universality, simplicity and effi ciency, as well as by 
the low cost of the equipment necessary for its imple-
mentation.

LITERATURE REVIEW

To take into account the distortion, a camera consisting 
of a wide-angle objective and a photoelectric array is typ-
ically calibrated using a test light source whose angular 
coordinates of the elements are known with the required 
accuracy. There are a lot of investigations are devoted 
to measuring the image distortion [01-15]. Most of them 
deal with calibration of photoelectric cameras for survey-
ing at a fi nite distance, and are not intended for accurate 
measurements of angular coordinates.
The most popular methods of distortion measurement 
are usually designed to investigate suffi ciently large geo-
metric distortions of the image (more than 1%) with a rel-

atively small accuracy [01, 02, 04-10, 13-15] or to mea-
sure distortion with a high accuracy, but only for narrow 
fi eld-of-view optical systems [03].
In this article the method is considered for calibration of 
wide fi eld-of-view video channels for electronic theodo-
lites, intended for measurements of angular coordinates 
with the accuracy better than 10 arcseconds. The A test 
light source in this case should consist of a set of point 
sources located in the far-fi eld zone. Their angular coor-
dinates should be a priori known with the accuracy not 
worse than 2-3 arcseconds. The point sources should fi ll 
totally the fi eld-of-view of the video channel. 
The most commonly used test object for calibration of 
wide-angle cameras intended for measuring the angu-
lar coordinates of remote objects is the stellar sky [16]. 
The calibration based on the stellar sky survey must be 
carried out in the fi eld at night and requires using of high 
precision clocks and accurate positioning of the calibrat-
ed camera.
The method considered in this article provides a high-pre-
cision and simple measurement of distortion even in or-
thoscopic optical systems with a basic level of relative 
distortion not exceeded fractions of a percent. A descrip-
tion of the method and experimental results of distortion 
measurement of wide-angle cameras with an angular 
fi eld-of-view up to 21 degrees (full angle) and relative 
distortion at edges of the fi eld-of-view not exceeded 0.3 
percent are presented below.
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MATERIALS AND METHODS

The optical schematic for distortion measurement of 
wide-angle photoelectric cameras is shown in Figure 1. 
AMW 4, formed by two plane-parallel plates is used as a 
test light source. The angle between the plates is α. The 
interior plate surfaces are covered with partially refl ec-
tive coatings with a refl ection coeffi cient of 85 percent in 
the operating spectral range. The outer surfaces of the 
plates are antirefl ection coated.

Figure 1: Optical schematic for distortion measurement 
of wide-angle photoelectric cameras.

1 - light source,
2 - diaphragm,
3 - collimator,

4 - air mirror-wedge,
5–tested photoelectric camera

 The beam with a plane wave front formed by collimator 
3 falls onto the AMW. A sheaf of equidistant collimated 
beams separated by the angles equal to double wedge 
angle α is formed at the AMW output.
In the focal plane of the photoelectric camera objective 
(video channel), the beam sheaf is imaged as a chain of 
focal spots (“star track”). The focal spot corresponding 
to the non-defl ected beam is located near the point of 
intersection of the optical axis of the objective and the 
focal plane. When the video channel or the AMW is ro-
tated around the axis, the orientation of the “star track” in 
the frame changes. Thus, several frames are recorded to 
fi ll uniformly the fi eld-of-view of the photoelectric camera 
with star tracks, as shown in Figure 2.

Figure 2: Filling fi eld of view of the photoelectric 
camera (video channel) with “star tracks”. 

A straight line for clarity connects the focal spots of 
each of the tracks

 For calibration of the video channel during the subse-
quent processing of the recorded frames the coordinates 
of pixels corresponding to the energetic gravity centers 
of the “star track” focal spots for each frame are calcu-
lated. Also, angle of the “star track” slope γ relative to 
horizontal axis X of the matrix is calculated in the frame 
by the least squares method.
To calculate the radial distortion, a seventh-order distor-
tion model was used. In “pixel” units of measurement, 
this model can be written in the following form:

 

where  is the “measured” (distorted) distance from the 
gravity center of the focal spot to the camera axis,    is 
the “undistorted” position of the focal spot  
are respectively the third, fi fth and seventh order distor-
tion coeffi cients.
The “measured” distance  is related to the video chan-
nel parameters by the following ratio:

where , are the measured values of the coordi-
nates of the gravity center pixel of mth focal spot  ,   
are the coordinates of the camera axis pixel.
The following ratio relates the “undistorted” position of 
the focal spot  to the video channel parameters:

     
                      

Here F is the focal distance of the video channel,  is the 
angle between the axis of the objective and the axis of 
the given sheaf beam,  is the pixel size.
Since aberrations introduced by distortion are negligibly 
small for the non-defl ected beam in the sheaf (the fi rst 
beam), angle  between the axis of the objective and 
the axis of this beam is related to the coordinates of the 
gravity center of the spot and the parameters of the video 
channel, as follows:

   
  

where  , are the measured coordinates in pixels 
of the gravity center of the focal spot for the fi rst beam.

1)

2)

3)

4)

5)

6)
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The coordinate system of the video channel is defi ned as 
follows: X-axis of the video channel is parallel to X-axis 
of the matrix, Y-axis of the video channel is parallel to 
Y-axis of the matrix, Z-axis of the video channel coin-
cides with the axis of symmetry of the objective (the ra-
dial distortion axis).
The unit vector of the axis direction of jth beam in the 
sheaf in the coordinate system of the video channel is 
determined by the formula:

       

Here γ is the angle of inclination of the “star track” in 
the frame relative to X-axis of the matrix, ψ is the angle 
between the fi rst beam and the projection of the axis of 
the photoelectric camera on the plane in which the sheaf 
of beams lies (sheaf plane), φ is the angle between the 
axis of the video channel (the axis of the objective) and 
the sheaf plane.
The angles of orientation of the sheaf plane relative to 
the camera's coordinate system (ψ and φ) are related to 
the coordinates of the fi rst beam and the orientation of 
the “star track” in the frame with the following ratios:

          

Finally, the angle between the axis of the jth beam in the 
sheaf and the axis of the video channel is given by:

To fi nd the camera parameters and distortion coeffi cients 
by the Levenberg-Marquardt method, the optimization 
problem for equation (1) is solved for each focal spot 
from each frame of “star track” recording with taking into 
account the interrelation of the quantities described by 
expressions (2 - 10). The most probable values of the 
following parameters are determined: the focal length of 
the camera F, pixel coordinates of the axis of the vid-
eo channel , (the symmetry axis of the distortion 
function), and the third, fi fth and seventh order distortion 
coeffi cients .

7)

8)

9)

10)

RESULTS

Experimental measurements of the distortion accord-
ing to the presented method were carried out with video 
channels of two types differing by image sensors and ob-
jectives [17, 18]. Both objectives were specially designed 
for use in electronic theodolites, and therefore they were 
subjected to high demands in terms of distortion correc-
tion and uniformity of an image quality throughout the 
fi eld, including corners of the frame. Technical charac-
teristics of video channels, including parameters of video 
sensors and optical objectives, used in the investigated 
video channels, are given in Table 1.
For both objectives the distortion was corrected almost 
completely and even in the corners of the frame it did not 
exceed 0.3 percent. The difference between the paraxial 
and real position of the image of any point did not exceed 
20 μm (almost along the full fi eld its value ranges from 
0 to 8 μm). This is less or comparable to the size of a 
single pixel of the image sensor, which was 7.4 μm in 
video channel 1, and 5.5 μm in video channel 2. Below, 
in Figure 5, the calculated distortion function is given with 
the ideal accuracy of assembling the objectives.
At achieved level of distortion correction a high-precision 
measurement of the geometrical distortions of the opti-
cal system should be made taking into consideration the 
contribution of asymmetric aberrations of broad beams, 
as well as inaccuracy in the components manufacture, 
and errors in assembly and alignment of the both objec-
tives and video channels. 
Considering this, in the both objectives special attention 
was paid to minimizing coma aberrations and fi eld cur-
vature, and their design included adjustment movements 
of the most sensitive optical components, which made it 
possible to achieve uniformity and high resolution in the 
video channels over the full frame. The curves of poly-
chromatic modulation transfer function (MTF) of the ob-
jectives are shown in Figure 3.

Figure 3: MTF of video channel No.1 lenses (left) 
and video channel No.2 (right)
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The test sheaf of beams was created with the use of a 
collimator from a standard optical bench (focal length 
1600 mm, light diameter 150 mm) and an AMW. The 
AMW was formed by two plane-parallel plates of BK7 
glass with the diameter of 80 mm and the surface optical 
quality N = 0.1,  = 0.1. Plates were assembled in a 
mount, which provided possibility to adjust the angle be-
tween the plates and to fi x them rigidly after that. 
The maximum number of beams in the sheaf was limited 
by the optical quality of the surfaces of the AMW plates. 
Multiple refl ections from mirror surfaces of the AMW re-
sult in distortions of the beam wavefront, which arise due 
to surfaces imperfectness and accumulate (practically 
add up together). For the AMW unit used in our exper-
iments, the angular divergence of the beam after 9 re-
fl ections (beam number 9) turns out to be unacceptably 
large. Therefore, the value of AMW angle was chosen so 
that a half angle of the fi eld of view of the video channel 
comprises nine beams (that is, there are nine focal spots 
in the half image diagonal). For example, to measure the 
distortion of video channels No. 2, the angle between the 
plates was chosen about 40 arcminutes. The AMW angle 
was measured using a goniometer with the accuracy not 
less than 0.5 arcsecond. 
Note that the AMW must be set in such a way that its 
edge should be perpendicular to the input beam axis. 
Deviation from the perpendicularity  will lead to er-
ror  in angle 2∙α between the adjacent beams so that 

 ~  . As estimations show, the requirements on the 
perpendicularity are not rigid. For example, if  δα = 0. 1 
arcsecond and α = 40 arcminutes, the permissible devia-
tion in the AMW edge perpendicularity to the input beam 
axis is  22 arcminutes. During the measurement of 
the distortion of video channels the edge of the AMW 
was set perpendicular to the axis of the incident beam 
using the autocollimator with the accuracy better than 10 
arcseconds.
For each video channel the eight successive frames were 
recorded with different orientations of the “star track” in 
the frame fi eld in accordance with Figure 2. As indicat-
ed above, the following values were calculated as a re-
sult of mathematical processing of these frames: cam-
era focal length F, pixel coordinates  of the video 
channel axis (axis of symmetry of the distortion function) 
and third, fi fth and seventh order distortion coeffi cients 

 (see 1-10).
Figure 4 shows an example of the results of the distortion 
measurement for one of the video channels 2.
 The solid curve represents the calibration function of the 
video channel (distortion function  ) calculated using ra-
tio:

  

12)

The points in Figure 4 correspond to focal spots of the 
sheaf of beams and show the measured value of the dis-
tortion  for each focal spot. The position of each 
point was calculated using ratio:

The root-mean-square deviation of the measured distor-
tion values of the focal spots from the calibration function 
of the video channel shown in Figure 4 was 0.098 pixels.

13)

Figure 4: The calibration function of the video channel 
(distortion function, solid line) calculated according to 
the results of measurements. The circles show posi-

tions of the focal spots of the “star tracks”

DISCUSSION

As mentioned above, the proposed method was veri-
fi ed by calibration of several wide-angle video channels 
developed by the authors of this paper. Figure 5 shows 
comparison of the measurement results and the theoret-
ical function of distortion.
In Figure 5 the solid curve shows the distortion function 
for the objective with the ideal accuracy of assembling. 
The dotted lines show the calibration functions obtained 
from the results of measurements for 15 video channels 
No. 2.

Figure 5: Distortion function (solid line) calculated for 
ideal assembling the objective. Dotted lines show 

calibration functions for 15 video channels
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Table 1: Technical specifi cations of video channels

Technical specifi cations Video channel No. 1 Video channel No.2
Video Sensor KAI-4021 IMAGE SENSOR KAI-08051 IMAGE SENSOR

Number of Active Pixels 2048×2048 3296×2472
Pixel Size 7.4μm×7.4μm 5.5 μm×5.5 μm

Linear size of the image receiver, mm 15.15×15.15 (diagonal 21.43) 18.13×13.60 (diagonal 22.66)
Focal length of the objective, mm 80 (objective17) 60.1 (objective18)

Angular pixel size, arcsec 19’ 18.75’
The largest diameter of the entrance pupil, mm 61 46

f-number f/1.3 f/1.3
Spectral range, nm 680 – 820 680 – 820

Field-of-view, degree 16 21.3
Number of elements/groups 8/7 8/7

Length / diameter, mm 150/68 134/56

NOMENCLATURE
Abbreviation

AMW Air mirror-wedge
MTF Modulation transfer function

Description Unit of measure
α angle of the air mirror-wedge rad
γ angle of the “star track” slope rad

“measured” (distorted) distance in “pixel” units

“undistorted” position of the focal spot in “pixel” units

third, fi fth and seventh order distortion coeffi cients

measured coordinates of the spot gravity center in pixels

coordinates of the axis in pixels

focal distance of the video channel mm

angle between the axis of the objective and the axis of the beam rad

pixel size mm

angle between the axis of the objective and the axis of the fi rst beam of the 
sheaf rad

measured coordinates in pixels of the focal spot for the fi rst beam

ψ angle between the fi rst beam and the projection of the axis of the objective on 
the sheaf plane rad

φ angle between the axis of the objective and the sheaf plane rad

angle between the axis of the jth beam in the sheaf and the axis of the objective rad

Kj unit vector of the axis direction of jth beam

deviation from the perpendicularity of the input beam axis to AMW edge

error in angle 2∙α between the adjacent beams of the sheaf

calibration function of the video channel

measured value of the distortion
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As can be seen, the maximum deviations of the mea-
sured calibration functions of the video channels from 
the calculated distortion function are about 0.5 pixels, 
that corresponds to 10 arcseconds in terms of angular 
units and less than 3 μm in linear units. Apparently, these 
differences are associated with errors in the manufacture 
of optical components and an inaccuracy in assembling 
the system within the tolerances of the mutual position of 
the optical components of the system. As the Monte-Car-
lo calculations showed, within allowable deviations in the 
assembly accuracy the measured distortion positions of 
the focal spots in the photodetector plane differ from the 
calculated ones by values not exceeding 3 μm. 
As follows from the results of measurements of the dis-
tortion function, the proposed method makes possible to 
determine the calibration function with the sub-pixel ac-
curacy. The AMW allows to use both monochromatic and 
broadband light sources for channel calibration. 

CONCLUSION

The method, proposed in the paper, makes it possible 
to derive theoretically and experimentally the calibration 
function for wide-angle video channels with objectives 
having small relative distortion. The calibration function 
derived in such a way can be used for image correction 
as well as for precise calculation of angular coordinates 
of the targets in a frame.
The method is characterized by universality, simplicity 
and effi ciency, as well as by the low cost of the equip-
ment necessary for its implementation.
It is worth noting that the method proposed fi ts objec-
tives with the symmetric function of distortion. There are 
precisely those wide-angle objectives of suffi ciently high 
optical quality, which are used in electronic theodolites.
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